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Helical states Motivation

Localized states

Electron interaction

• Exist at the edge of 2D
topological insulators

• Electrons with different spins
propagate in opposite
directions

• Protected by time reversal
inversion

Topological insulator: 
quantum well based on 

HgTe/(Hg,Cd)Te
[König et. al. Science (2007)]
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Array of antidots on the 
surface of 2D TI

1D helical crystal

Unitary and T-invariant

𝛼 – tunneling between rings
𝛾 = 𝜋/2 symmetrical case

𝐿 – ring length
𝜙 – magnetic flux

transfer matrix passing the entire ring

Dynamic phase 
difference is added to 

the phase 𝛾
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𝑇0 𝛽 – angle between spin 
quantization axes in neighboring 

edge states

휀 – dimensionless energy
𝑞 – quasi-momentum

There are special values of the magnetic flux 𝜙 = 0; 1/2, 
at which Dirac points appear

or 𝜙 = 0 and 𝜙 ≠ 0

Dispersion near 
Dirac points

Change sign of 𝛅𝛟 – gap reopening

Dispersion manipulation: changing magnetic field and gate voltage

𝛾 ≠ 0

𝛽 ≠ 0,𝜙 ≠ 0 𝛽 ≠ 0, 𝜙 ≠ 0, 𝛾 ≠ 0

𝜙 ↑

Crystal dispersion

휀(𝑞) – ?  
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It is known that the interaction renormalizes “the junction” between helical states. And what
about a set of junctions? Renormalization - taking into account virtual processes 𝜆F < 𝑙 < 𝑙T
At high temperature 𝑇 ≫

𝑣F

𝐿
⇔ 𝑙T ≪ 𝐿: junctions are renormalized separately

At low temperature 𝑙T ≫ 𝐿: on scale 𝑙 < 𝐿 junctions are renormalized separately,
further 𝐿 < 𝑙 < 𝑙T renormalization of the effectively homogeneous Luttinger fluid.

Result: renormalization of parameters 𝜶 and 𝜷

Attractive fixed points:
𝐋𝟏: Independent rings

𝐅𝐏𝟐: Independent shoulders

𝐅𝐏𝟑: Spin-flip channels

𝐅𝐏4: Multicritical point
Symmetric t = f = r = 1/√3

𝛿𝜙1 < 0 𝛿𝜙2 > 0

Localized states of the Volkov-Pankratov type
located inside the gap arise.
• splitting can be manipulated by gates and

magnetic flux
• gap controlled by magnetic flux
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