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Inhomogeneous 1D superconducting wires
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Inverted pendulum under horizontal driving



Whitney’s problem & Arnold



Whitney’s problem in historical perspective



Kapitza pendulum

ϕ̈ = −ω2 sinϕ+ f(t) sinϕ ϕ̈ = −ω2 sinϕ+ f(t) cosϕ
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Warm up: numerics



Warm up: numerics



Non-falling trajectory
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• ∃ a unique non-falling trajectory with θ(0) = θ1 to θ(T ) = θ2 for all T .

• At T → ∞ this non-falling trajectory turns to a unique never-falling trajectory

• Exponentially unstable attractor
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Problem formulation



Weak-driving limit

past future



Outline

• Whitney’s problem

• Stochastic Whitney’s problem

• Weak driving

• Field-theoretcal appoach

• Statistics of the never-falling trajectory

• Lyapunov exponent

• Physical interpretation



Field theory



Parisi & Sourlas approach

• Partition function (number of solutions)

Z =

∫
Dθ(t) δ(θ(t)− θsol(t))

• Removing the absolute value due to uniquness of the NFT

• Disorder averaging generates a local action and couples bosons to fermions

kinetic energy: iλ̇θ̇ + χ̇χ̇

!



Transfer-matrix Hamiltonian

∂tΨ̂ = −HΨ̂ Ψ̂ = Ψ̂(θ,λ,χ,χ) = Ψ(θ,λ) +Φ(θ,λ)χχ

• From a 1D field theory to an effective quantum mechanics:

• Two-component evolution:

∂

∂t

(

Ψ

Φ

)

= −H

(

Ψ

Φ

)

H =

(

L −1

V2 L

)

• Fourier transform w.r.t. the decoupler field λ (p corresponds to ∂tθ):

Ψ̂(θ,λ) =

∫
Ψ̂(θ, p)eipλ(dp)

Here L is the Fokker-Planck operator for the Kramers problem:

L = p∂θ + ω2 sin θ ∂p − α cos2 θ ∂2
p ,

V2 = −ω2 cos θ − α sin 2θ ∂p.



BRST symmetry

• The Lagrangian can be written as

where D̂ is a nilponent BRST operator

L = D̂ [χ(−θ̈ + F (θ))]

• BRST symmetry of L translates to that of Ψ̂:

• In terms of the superpotential ψ

Z =

∫

DθDλDχDχ exp

[
∫

dt
{

iλ(−θ̈ + F (θ)) + χ(−∂2
t + F ′(θ))χ

}

]

D̂ = iλ∂χ − χ∂θ

Ψ̂ = Ψ+Φχχ = D̂ (χψ)



Superpotential: Fokker-Planch evolution

• Joint probability distribution function:

• Mathematically equivalent to the Fokker-Planch equation for PDF(θ, p).

in a usual setup. We also see that p = ∂tθ.

P (θ, p) = Ψ(θ, p)Φ(θ,−p)+Ψ(θ,−p)Φ(θ, p) =
{

ψ(θ, p),ψ(θ,−p)
}

θ,p
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• Schrödinger equation for the superpotential
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Never-falling trajectory & zero mode

• In the limit T → ∞, only the zero mode survives:

• Schrödinger equation for the superpotential
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(

p∂θ + ω2 sin θ ∂p − α cos2 θ ∂2p
)

ψ(θ, p) = 0

like in the theory of q1D Anderson localization



Boundary conditions



Boundary conditions

Our BC are different from

the usual BC for the FPE:

• absorbing wall

• reflecting wall

They resemble BC

for an absorbing wall,

which however acts

as a source of incoming

particles with

a p-independent flux



Equation to solve
(

p∂θ + ω2 sin θ ∂p − α cos2 θ ∂2p
)

ψ(θ, p) = 0



1) No driving



2) Weak-driving limit



3) Strong-driving limit



3) Strong-driving limit



3) Strong-driving limit
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• PDF P (θ, p) [s = (2/3πα)1/3 p/(1− τ2)1/3]:

τ =
2θ + sin2θ

π



Comparison to direct Monte-Carlo simulation
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Lyapunov exponent

• While one-time statistics of the never-falling trajectory is expressed

by the zero mode, different-time statistics or one-time statistics

at finite intervals are determined by the spectrum of the FP operator.

λ = − lim
t→∞

∂ ln〈θ(0)θ(t)〉

∂t

• Schrödinger equation for the superpotential

• Lyapunov exponent:



Lyapunov exponent

λ = − lim
t→∞

∂ ln〈θ(0)θ(t)〉

∂t
= ωg(α/ω3)• Lyapunov exponent:

λ = ω

λ = 0.66α1/3
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Physical meaning of SUSY objects

• SUSY wave function

Ψ̂ = Ψ+Φχχ Ψ(θ, p) = −∂θψ(θ, p) Φ(θ, p) = ∂pψ(θ, p)

• Velocity profile p(θ, t)

• FP equation for ψ = 〈Θ (p(θ, t)− p)〉

∂

∂t
ψ(θ, p) = −

(

p∂θ + ω2 sin θ ∂p − α cos2 θ ∂2p
)

ψ(θ, p)

• In terms of the profile p(θ, t), Ψ and Φ give

conditional probability to have p at a given θ

and vise versa:

Ψ (θ, p) = P (p|θ, t)

Φ (θ, p) = P (θ|p, t)



Outlook
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Summary

N. A. Stepanov and M. A. Skvortsov, SciPost Phys. 13, 021 (2022)
N. A. Stepanov and M. A. Skvortsov, JETP Lett. 112, 376 (2020)

• Statistical properties of a unique non-falling trajectory have been analyzed

• Supersymmetric Parisi-Sourlas approach + transfer-matrix method

• The PDF P (θ, θ̇) is obtained as a “square” of an auxiliary superpotential,

which obeys the Fokker-Planch equation with a proper BCs

• Never-falling trajectoty = zero mode

Finite-time correlations = excited states

• Can be derived without supersymmetry


